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Abstrace; In this chapter we proved the existence and unigneness of solution of third order nomlinear erdinary dﬂfmmﬂ
equations with initial conditions by using fived point theery in Banach Space. Sonne examples are also discussed.
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1. INTRODUCTION

CONTRACTION MAPPING DN A BANACH SPACE:
Let X bea Banach space and bet F = X — X then we say that F is a contraction mapping if for all @, b £ X such thal

I|F(a) - FB)| < alla— b (1.1)
where o i3 some constant 1. 0 < & < 1. A “contrction mapping™ draws between any two closer padnts.
EXAMPLE :
Let X = af[0,1/2]) with the suprermum nonm and

L

F(h)() = fnfp:mu

o
then for all ¢ & [0, 1,2} and k. k £ X _we have

IF(e) = Fliel = [Lth—k| = [l15— kllw = cllh = kllw £ 511 = klla
Because this inequality holds for all ¢ & [0, 1 /2] then clearly we have
IIF(R) - Fikl= = = |1k <kl
Hence, F is a contraction mapping with constont ¢ = ¥
THEOREM (THE CONTRACTION MAPPING FRINCIPLE)
Let X be a Banach space on which F is @ contraction mapping. Then there is unique fixed point of F in X, Le. thers
exists one and anly one solution of the equation
= Fla), foraeX
2, APPLICATION TO DIFFERENTIAL EQUATIONS
Consider the general equation of first arder
¥i(s) = [z y(5) (1.2}
where f(s,¥) is a function of two variabies. For example, if fla gl = i+ s2y¥ then the differentiol equation is ¥'(s) =
jth initial condition y{5,) = ¥g. We have tﬁ‘ﬂﬁ&‘h—l‘i.‘m ,,% 3 which satisfies the differential equation with

5+ syt
g ition, The funclion 15 continuoss and EB?.ﬁPME[ on 1|'I=1?I'I'l;g"r#| [$u: %5 + o) and differentiable on the open

giv
interval 1&g + ) foe sofe o == D 5 L hroe! )
.f"'n.ﬂrd'lrﬂtﬂf _' S et w17 __-l
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solution, even if the salution canned e written down in closed foem,
We will consider only functions fs, ) which satisty the follewing property © It is require that f will be
differentiable in ¥ and

ay

)= ¢ {13)
For all 5 in seme interval [5,5, + ] andall yin [, = gu¥p + 73] where o and o5 are some positive constants, The
constant ©omust be independent of 5 and y. The simple condition in which this is guaranteed is that %{a’._ﬂ i5 continuous for

(5. %) =[50, 8 + 7] ® [yg = 72.¥0 + 03] since 3 continuous function is bounded on o compact s21, By considering these
conditions we can prove, Existence-Uniqueness theorern for first order nonlinear differential equations which is given below.
Existence-Unigneness  Threoren: Consider the function f{s,¥) be continuous snd satisfy the bound {1.30 Then the
differential equatien (1.2) with inital condition: ¥{5,0 = ¥, has a unique seluton which 18 continuous on some interval
[F3: 5y + ] and differentiable [5,.85 + 7). whereas > (.

Mow we prove this ahove thegrem for thicd eeder nonlinear ordinary differentidl equations.

3. EXISTENCE-UNIQUENESS THEOREM
Consider the function g, v, %5 %) 15 comtinueus and sptisfoing the bound

i R |
Iﬁ;étsr:f,:v ¥
Then the dilferential eqation

v sy = Flspls) (8D 9" () -
with initial conditions w{g.) = . ¥(5) = ¥, {1.2%)
¥'ig) = ¥ ’
has a unigque solution which is continuows on some interval [8,, &, + o] and differentiabfe {5, 5, + ), where 7 > (.
FROCE OF EXISTENCE-UNIGTENESY THEODREM
We first rewrite the given differential equation in the form of an miegral equation. MNote that if 9"(2) is continuous

=C (13"}

for 53 = 5 = 5 + 0 then (59509 (5), ¥ () ) is continuous, hence ¥"(5) = Fis p{s)y'(5). ¥"(5)) mus also be
continuous bR 55 = 5 £ 55 + 0. To get result we can integrate bath sides of differential equation in (1.2*) foru = 55 o
4 =5 < 8 + o and then applying  the Fundamental Theorem of Caleul s 1o estimane
¥(s) = "+ L0 ey () )du (1.4)

Conversely, any solution of equation (L4} which is contimuous is also & solution of the original differential equation (1.2%),
the right hend side of equation (4,4) must be differentmble i 5 gince by the Fundomental Theorem of Caleulus and henge we
can differentiating both sides of equation (1.4) with respect to & to obtan differential equation.  Also, pulting & = &, in the
equation {1.4) gives ¥"(50 = " Any differentiable solution ¥"(2) to (1.2%) with initial condition ¥"(5,) = " is
necessarily @ continuaus sodution o eguation 1.4 and vice-versa, MNow we will prove thal there exisis o unigee continuougs

sodution Lo equation {1,4) on some inferval 5, = 5 < 55 + o
Let us consider proof of the theorem as a simple specinl case, 1o get the following ides, Consicde that the boend
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Fur. some ¥ between 1; and 1';-.
On taking the modulus values of both sides of the above equation and using the bound {1.3*) proves thar
|83 () = 82 flurs )] £ Cln =7 (1.3}

for real numbers n, pand all ue [5, 5 + 0@
We defined an operator F{y) on C{[s.8, + &) by

Fs) = yo" + [ Flowy"(u))du
By the fundamenta] theorem of caloulus, F really does turn continuous functions into continuous in fact, differentiable
fumctions. The discussion shows the equivalence of equations (1.2} and (1.4) any fixed point for F pgives a salution of
¥ (g} = Fls (sl y' (s 3" {5)) with ¥"'(50) = ¥a". Mow we will prove the existence of this Fixed panil.
By taking use of equation {1.5) we can obtain, for any twe functions y and ¥ in
Cilgp 50 + F10 . we huve

IFy)() - Flads)l = |f Flwynto) = Fuysto)dul
= [ e () =l (u))du
< CJ; brfu) —ys(u)ldu  (by equation {4.5))
< Clly, - wll= [ du

= Cllyy - ¥ell« (5 -%) >

We chioose 5 close to 5, such thet, we get Cls = 53] < 1 that ii_x T -:_: then F become a contraction mapping, IT let
us consider o = min {.-:rt-,;:'-] afd [ = {Fu--f-:n + ). The operator £ on C (T} is a contraction and thus equation (4] must huve
a unique fixed point ¥ ().

The fimdamental thearem of calculus shows that the right hand side of equation (1.4) is differentiable in =, thus ¥'(5) is also
derivable, As substituting 5 = s, in the imtegral equation, it is easily observed that y"(5,) = ¥ and then differentinting
both sides proves that ¥'"{s) = [z y(s).p () ¥"(s1). |7 the bound {1.3%) halds for all ¥ this completes the proof the
thearam.

EXAMPLE:

Now we apply the above theorem to the differential equation
"5} = 5% + sy*(5) with initial condition ¥"'(U) = I
Hers we comiplite,

LF S
= 4gp
air ..
e 1331"1 %
iy oy .
i 245y ; which is continuous for all 5 and ¥

and therefore it is bounded by a constant on any -.--' e form 0 5 s € oy, 2-m < ¥ £ 2 + & Foor

example, by taking &, = &3 = 1and therefore we ha ben differential equation satisfies the conditions
r 5
e 3
of above theolpos, this differential egquation "5:4'51 on for 5 € (0,4), for some a > 0, with
initial condition YAl = 2. '
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4. CONCLUSION
In the above result, we proved differential equation has a solution on some interval is said 1o be o local existence resuld, this is
opposite to a global existence result in which the differential equation hasa selution fae all time.
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