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In this paper we have discussed the study of existence and unigueness of selutions of
nonlinear second order ordinary differential equations with initial conditions. In first section, we
prove existence and unigueness by using Picard’s Theorem. In next section we prove existence
and uniqueness by using Lipschitz Condition.
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Introduction:
Nonlinear Ordinary Differential Equation

An Ordinary Differential Equation z'(x) = f{x, u(x)) is called nonlinear if and only if’ the
function f is nonlinear in the sccond argument.
Example:

]
(i The Differential Equation z"(x) = ﬁ: _is nonlinear, because the function
L

* 3 :
flx,u) = — is nonlinear in the second argument

{ii)The Difterential Equation z'(x) = 2xz(x) + log(z(x))is nonlinear, because the function
fix,u) = Zxu + log{u)is nonlinear in the second argument, because of the term log(u).

EXISTENCE AND UNIQUENESS : PICARD’S THEOREM

Consider a continuous  function f:1x Rwherel be a Real Interval, f satisfies the Lipschitz
condition i.e.

lfu- EE:I —f{_}", 31_” =K 133--3[' | 3

Suppose Vo € 1. Then there exists a unique fung _ PRINCIPAL
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2y = fly.2(y).20)] fry €1

with initial conditions z(¥g) = Zp. 2 () = Zo

Note : By the Mean-Value -Theorem, the ahove function satisfies the Lipschitz condition if

E'%f[}f.;l{y}.z‘{ﬂ] = Konl % R

LEMMA 1 :

Here we show the result is true for the case ¥y = 'y = 0.

Proof. Let us suppose that the result is known in this case .y, 2, are given.

Suppose g(v.z) = f(¥ + Yo z' 4 #'y). by assumption, there is a unique function Z 5.t

'y} = gl x0).x' ()] wheny + yuel
Andx(0) = D.Let2"(v) = x"(¥- o) + #'y. Then 2'(¥g) = 'y and for y el,

(%) = x' (¥ = Yol

After that here we show the properties of 7" by expressing it inte an integral form

LEMMA 2:

Let €0 for a derivable function on 1, then the following are equivalent.

(i 2y = flw.z(y).20)] fory e fand 2(yy) = .2 (%) = i
Gy 20 = [ flezt)z(t)]drfory el.

Prool . (i) = (i)

Suppose that C(T) is the space of all continuous functions on [, we defines a mapping A :
C(I) = C(1)as follows : for z € C(D)

(Az)() = [, Flt,z(0),2'(0]dL.

By the assumption 2 is the required solution it A(z") = 2.

We take
zru [ Dlzli B "'erll = ":I'E:zlrl—l} = ﬁn{grn:ﬁ_
Here we prove the uniform convergorge a limit funetion z . then
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LEMMA 3:
Suppose that Ju(y)- v(y)| £ Cfory &I Then for sachn = 1
A" () — Ame)()] < CEfory el
Proof. By the Lipschitz condition,
|Fleu()]- flev(t)])] < CK fore 150
IAG) — AW = |7 Fltu®) - Feve)|d

= CK[yl.

that is the statement true for n = 1. Suppose it is true for any n, then by the Lipschitz condition,

C (K" i
n!

IF e (A0 = 6 (A% ()] = K
Sofory = O,
(A0 = (A0 = | PEHAm ] - Flt (A} di]
similarly for ¥ < 0, with [y|, instead of y. -
Proof of the Theorem:

Consider that 1 is beunded and ¢losed interval.

Then |y| < R for v €l and continuous functions are bounded on 1. 50 there is M s (5, 0)] =
M for ¢ el

Unigueness :
Let us suppose that Au = u and Av = 7,

then A"y = wand A"y = w forall n,
Again, there exists C such that Ju(y)- v(y)| = C fory €1
By LEMMA 3,

luly) = vyl = le}:l foralln = 1.

But for every y. Kly|)"/n! — 0 as n—a. Therefore ]:I-E_-x}"-: v{_}';l,

e o
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Existence :
Latyy = 0,21 = M#E) 73 = A2 e 'y = A"(Z';), then
l2': ) - o] = |2200| = [J Ft.0)deM < |y| < C
For yel. Now Z5, (KR)Y" /nl is convergent to R hence by the M-test,
Yoe1(Z ne1 = 2'y) converges uniformly to yon .
But (Z1—29) + (F2-24) + i @y=pot) = -2y = 7.
hence 2', =z’ uniformly on 1i.e|z', (¥) = 2 (¥)] < &_for yel, where
d,—=0asn == Inthecasen = 1, in LEMMA 3
|21 () = (A ()] = [(A=" ) () - AZ'(¥)] = Kivl&,
for v € I, hence

(AzN(y) = limZ' ., (¥) = (¥

L —x

MNow, consider 1 isan open or unbounded interval. We express it as U™, I, where
ety ... are bounded and closed intervals with 0 € ;. In previous, for every n,a unique
solution 2',) on Lywith 2%, (1) = 0. by this Uniqueness, 2,41 agrees with Z' o 1., henee
it 15 consistent to define 2" on 1 by |

EJEF} - EJ{n_I'::]"'.:I' for }"E]"_
hence, y satisfies the equation on |.

Here we give two examples which shows that | if the Lipschitz condition is not satisfied
then the theorem fails.

EXAMPLE:
1.Consider the Initial-Value-Problem " = —z'%, with 2'(1) = 1, on the interval [—1, 1].

Solving by elementary methods, we have
# J
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Existence :

Latzy = 0,2 = AlZ)25 = A2 ) e z'n = A"(2',), then
217 = 20| = 12:00| = [J F(t.00deM < Jy] = ¢

For yel. Now EL, (KR)"/nl is convergent ta e®® hence by the M-test,

Ene1lZ 41 — 2',) converges uniformly to yon 1.

But (Z1-29) + (F2-20) + it @y ) = -2y = 2.

hence 2', =z’ uniformly on 1 i.e|z',(¥) = 2 (¥)] < &_for yel, where

d,—=0asn == Inthecasen = 1, in LEMMA 3
|21 00 = (A3 ()] = (A=) () - AZ'(¥)] = Klvla,

for v € I, hence

(AzN(y) = lim2' ., (¥) = (¥

fL—x

MNow, consider 1isan open or unbounded interval. We express it as U™, I, where
licldy ... are lmundl.d and closed intervals with 0 € 1,. In previous, for every n,a unique
solution 2’y on Lwith 2* ) 3 0) = 0, by this Uniqueness, 2'(n. 1 agrees with 2',0n 1, hence
it 15 consistent to define 2" on | by .

EJEF} et EJ{n_I'::}".:'- far yel,.
hence, y satisfies the equation on |.

Here we give two examples which shows that | if the Lipschitz condition is not satisfied
then the theorem fails.

EXAMPLE:

1.Consider the Initial-Value-Problem " = —z'%, with 2'(1) = 1, on the interval [—1, 1].

—
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The initial conditien 2'(1) = 1 pives the solution 7' = 1/y. This is the umique solution on
{0, 1]. It cannot be extended to a differentiable function at 0, so there is no solution on [-1,1].
To see that the Lipschitz condition fails. note that [ Onz.2) = —z'%,

We have
fly,2 + 1= flrnzz) =- &+ 1)t 4 2% =-22'- 1,
which is not bounded on E.

1. Consider the initial value problem

2
2 = 3z's with2'(0) = 0,onl = R
here, 0 is one solution, elementary methods gives

1 [
Bzit3

E_l]_n'3 — }_,_1_ o
= (y + )

Hence v 15 another solution with 2'(0) = 0. There are infinitcly many solutions, for each € =
0, a solution is ’

v fp=0)7 faryec
Ze 1) ] fory<c

Then ', is differentiable al ¢, with derivative 0. The Lipschitz condition fails because

it
_z.-—u_'n = ;1'_?—}:-:\'352'!—}‘]{- ;
Conclusion: With the help of Picard's Theorem W proved the existence and uniquencss of
solution of nonlinear differential equation with uniform convergence. Here we conclude that , if
the Lipschitz condition is not satistied then the theorem fails.
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