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Abstract

In this paper we have discussed the study of existence and uniqueness of solutions of

nonlinear second order ordinary differential equations with initial conditions. In first section, we

prove existence and unique.r.r. byrring.Picard's Theorem' In next section we prove existence

and uniqueness by using Lipschitz Condition'
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Introduction:

Nonlinear Ordinary Differential Equation

An Ordinary Differential Equation z'(x) - f (x,u(x)) is called nonlinear if and only if the

function / is nonlinear in the second argument'

Example:

(i)The Differential Equation z'(x) = h, is nonlinear, because the function

vz

f (x,u) = l- is nonlinear in the second argument' '

(ii)The Differentiat Equation z,(x) = Lxz(x) + log(z(r)) is nonlinear, because the function

f (x,u) = Lxu+ log(u)is nonlinear in the second argument, because of the term log(u)'

EXISTENCE ANID UNTQUENESS : PICARD,S THE0REM

Consider a continuous function f :lx Rwherel be a Real Interval,/satisfies the Lipschitz

condition i.e.

lf (y,rr) -f (Y,z)l S K lzr- zrl t*_3
-r'-::::\

SupppqSJo€t.Thenthereexistsaunique'"ffi5hliGu,uauIffil*i:,ji,,'',,(;\JrVY/
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z"(y)= flY,z(Y),2'(Y)l forY e I

with initial conditions z(y) = zo , z'(yi - Zo'

Note : By the Mean-Value -Theorem, the above function satisfies tlre Lipschitz condition if

fiffn,z(Y),2'(Y)l 
s Konl x R'

LEMMA 1 :

Here we show the result is true for the case y0 = z' o = 0.

proof. Let us suppose that the result is known in this case ,/s, zo are given'

Supposeg(y,z)=f(y*!o,z'+z's),byassumption'thereisauniquefunctionzs't'

z"(Y): glY,x(Y),x'(Y)l whenY * Yse I

Andx(0) = 0. Let z"(y) = x"(!- !) * z'o'Thenz'(ys) = z'o andfor y €l'

z" (y) - x" (Y - !o)

After that here we show the properties of z" by expressing it into an integral form'

LEMMA 2 :

Let Ie0, for a derivable function on I, then the following are equivalent.

(i) z"(y) : fly,z(y),2'(y)l for y e I andz(y) = Zo'z'(y) = zo' 
"'

(ii) z"(y) = ff flt,z(t),2'(t)ldtfory el'

Proof.(i)=(ii)

Suppose that c(I) is the space of all continuous functions on I' we defines a mapping A :

C(l) -+ C(l)as follows : for z e C(l)

(Az')(y) = J', flt, z(t), z' (t))dt'

By the assumptiotl ,z' is the required solution iff A(z') -- z''

We take

Z'o = O,z', = A(z'), y'- Z' r),.....,2' n = A(z' n-t) = An(z'o)'

Here we.Prove the uniform conve a limit function z',then

'(?^i-$if 
,.'* A(z'n) = Iim'

"ffi.o'
snnounr{ooi$Slf:Un"UY;
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LEMMA 3 :

Suppose that lu(y)- "(fl'< C for y € I' Then for each n 2 1'

l@,u)(y)- (Anu)(y)l< 6(*lv,lf'161 y €t.

Proof. By the LiPschitz condition,

lftr,"(t)l- flt,u(t)11 < cr for t e 1, so

l@u)(y) - (Au)(y)l = l#f$,u(t))-f(t,v())ldt

that is the statement true for n : l.Suppose it is true for any n, then by the Lipschitz condition'

lflt,(Nu)(0ll - f lt,(atu)(t)l < KC#'

Sofor! > 0;

l(A,*'u)(y) - (N*'v)(y)l = l!'rVVfXu)(Ol - flt,(A"v)l(0i dtl

similarly for y < 0, with [yl, instead of y'

Proof of the Theorem:

Consider that I is bounded and closed interval'

Thenfyf S R for y e:l,andcontinuous functions arebounded onI, so there is M s't'l/(f'0)l

M for t el.

Uniqueness:

Let us suppose that Au = u and Au = 'u,

then Anu = u arrd A{u = v for all n'

Again, there exists C such that lu(y)- u(y)l < C for y € l'

By LEMMA 3,

lu(y) - u(y)l < c(P., atrn 2 1'

u* r"J.:"(r^/, Klyl)n lnl -> 0 as n-)qr Tlerero.rltfs
\l,+v--F

PBIilCIPAL
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Existence :

Letz'o - 0.r', = A(z'o),2'z = A(r'r.),.....,2'n: Ar(z'o),then

lz'r(y)-z'o(y)l= lz'r(y)l = I{f(t,0)drM < lyl < C

For ys1. Now Itr(KR)" /nt. rs convergent to eKR, hence by the M-test,

}ff=r(/n*, - z'n) converges uniformly to y on I .

But (z'r- z'o) * (z'r-z't) *.....+ (r'n- z'r_r) = z,r- Z,o = Z,n,

hence z' r-)z' unifbrmly on I i.e.lz' n(y) - z' (y)l < fifor yel, where

5n-+0 asn -+@.In the case ?1 = 1, in LEMMA 3

lZ'n+tU)- (Az')(y)l = l(Az',)(y)- Az'(y)l < Klyl4,

for y e.I, hence

(Ar')q)*= limz'n*rU) = z'(y)

Now, consider I is an open or unbounded interval. We express it as Uf,=, I, where
\cl2cl3 . . .. are bounded and closed intervals u,ith 0 € 11. In previous, for every n,a unique
solution z'1q on Irru'ith z'6;(0) = 0, by this Uniqueness, z'qr+r1 agrees with z'61on Ir, hence
it is consistent to define z' on I by ,

z'(y) = z'61(!), for y eln.

hence, y satisfies the equation on I.

Here we give two examples which shows that , if the Lipschitz condition is not satisfied
then the theorem fails.

EXAMPLE:

L.consider the lnitial-value-Problem z" = -z'2, with z' (11 = l, on the interval [-1, 1].

Solving by elementary methods, we have

\+>
GoGdinebr
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The initiat condition z,(!1 -- 1,g.,:^". the solutionz' = 1/v Ih: t:^tT:t1lt":11jlii
(0,11. It cannot b. ;;;.;;;d to a Jifferentiable function at 0. so there ts no sol

ro see that the Lip';hl;;;o"aitio" f"id;;;;th at f (v'z'z') = -z'2 '

We have

f (y,z'+ 1) - f (Y,z,z') =- ('' * t)' + z'2 =- Zz'- L'

which is not bounded on R'

2. Consider the initial value problem

2,,= 3z'X withz'(0) = 0,onl = R

here,0 is one solution' elementary methods gives

7 tt I

-7=I

3zrzl3'

.t1 13 
- 

tr )- (,z-yl

z'= (! + c)3.

Hence y3 is another solution with z'(0)

0, a solution is

, ((Y-c)' forYZczr'\)t=\ O fory<c

Thenz,,isdifferentiableatc,withderivative0.TheLipschitzconditionfailsbecause

,,zlz-o _ :=-).0 as z'-->0*
zt-O zt Ll 5

conclusion:withthelrelp?f ,Pi"L::T-"J:*;iH:"ffi.:Hff:1H:f.":X':il::T#1
im,'"T:l*;,x..}'l'?*::il1''"iilff "'l:ff $$d'#ilJ:;;;;:il"*'conciude'iha'i'ir
il:t1ilfi;":ffi;ili, *,"ii,ned then the theorem fa,s.
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